Abstract: We prove that a dense subgroup of Homeo + (I) is not elementary amenable and (if it is finitely generated) has infinite girth. We also show that the topological group Homeo + (I) does not satisfy the Stability of the Generators Property.
In this paper, we study basic questions about dense subgroups of Homeo + (I) -the group of orientation preserving homeomorphisms of the closed interval I = [0, 1] -with its natural C 0 metric. The paper can be viewed as a continuation of [A1] and [A2] both of which are devoted to the study of discrete subgroups of Diff + (I).
Dense subgroups of connected Lie groups have been studied extensively in the past several decades; we refer the reader to [BG1] , [BG2] , [Co] , [W1] , [W2] for some of the most recent developments. A dense subgroup of a Lie group may capture the algebraic and geometric content of the ambient group quite strongly. This capturing may not be as direct as in the case of lattices (discrete subgroups of finite covolume), but it can still lead to deep results. It is often interesting if a given Lie group contains a finitely generated dense subgroup with a certain property. For example, finding dense subgroups with property (T ) in the Lie group SO(n + 1, R), n ≥ 4 by G.Margulis [M] and D.Sullivan [S] , combined with the earlier result of Rosenblatt [Ro] , lead to the brilliant solution of the Banach-Ruziewicz Problem for S n , n ≥ 4.
A major property that we are interested in for dense subgroups of Homeo + (I) is not property (T ) but amenability (incidentally, it is not known if Homeo + (I) has a non-trivial subgroup with property (T )). A very natural example of a finitely generated dense subgroup of Homeo + (I) is R.Thompson's group F in its standard representation in PL + (I). The question about its amenability has been very popular in the last four decades. On the other hand, density of a finitely generated group in a large group Homeo + (I) seems to be in conflict with the amenability. We prove the following theorem.
Theorem 0.1. An elementary amenable subgroup of Homeo + (I) cannot be dense.
We do not know how to prove a stronger result by removing the adjective elementary from the statement of the theorem. Nevertheless, we expand on some of the ideas of the proof to obtain another fact about dense subgroups.
Theorem 0.2. A finitely generated dense subgroup of Homeo + (I) has infinite girth.
As a corollary of this theorem we obtain that girth(F ) = ∞ reproving the results from [AST], [Br] and [A6] . It follows from either of Theorem 0.1 and Theorem 0.2 that solvable groups cannot be dense in Homeo + (I).
The notion of girth for a finitely generated group was first introduced in [S] in connection with the study of Heegaard splittings of closed 3-manifolds.
Definition 0.3. Let Γ be a finitely generated group. For any finite generating set S of Γ, girth(Γ, S) will denote the minimal length of relations among the elements of S. Then we set
girth(Γ, S)
Basic properties of girth have been studied in [A4] . By definition above, an infinite cyclic group has infinite girth, but this fact should be viewed as a degeneracy since (as remarked in [A4] ) any other group satisfying a law has a finite girth. We refer the reader to [BE], [Nak1], [Nak2] , [Y] for further studies of girth.
Let us point out that the claims of both Theorem 0.1. and Theorem 0.2. hold for connected semi-simple real Lie groups. Indeed, it is proved in [BG1] that any dense subgroup of a connected real semi-simple Lie group G contains a non-abelian free subgroup hence it must be non-amenable. On the other hand, by the main result of [A5] , any finitely generated linear group with a non-abelian free subgroup has infinite girth. Combining this result with Proposition 1 of [A5] it is not difficult to show that a finitely generated subgroup of a connected real Lie group with a non-abelian free subgroup has infinite girth.
In the last section of the paper, we discuss the so-called stability of the generator's property which also holds for simple Lie groups but we show that this property fails in Homeo + (I).
We will say that a topological group G satisfies Stability of the Generators Property (SGP) if for any finitely generated dense subgroup Γ of G generated by elements g 1 , . . . , g n , there exists an open non-empty neighborhood U of the identity such that if h i ∈ g i U, 1 ≤ i ≤ n then the group generated by h 1 , . . . , h n is also dense.
For a topological group G, the SGP can be viewed as a stability of any finite generating set (in a topological sense: a subset S ⊆ G generates G if it generates a dense subgroup in G). It is immediate to see that the group R does not satisfy SGP. On the other hand, it is not difficult to show the SGP for connected simple Lie groups, using MargulisZassenhaus Lemma. This lemma (discovered by H.Zassenhaus in 1938, and later rediscovered by G.Margulis in 1968) states that in a connected Lie group H there exists an open non-empty neighborhood U of the identity such that any discrete subgroup generated by elements from U is nilpotent (see [Ra] ). For example, if H is a simple Lie group (such as SL 2 (R)), and Γ ≤ H is a lattice, then Γ cannot be generated by elements too close to the identity. It is easy to see that (or see [A2] otherwise) the lemma fails for Homeo + (I). We prove the following theorem.
Theorem 0.4. The topological group Homeo + (I) does not satisfy Stability of the Generators Property.
We indeed prove more: given any finitely generated subgroup Γ of Homeo + (I), and an arbitrary ǫ > 0, we show that one can find an isomorphic copy Γ 1 of Γ generated by elements from an ǫ-neighborhood of the generators of Γ such that Γ 1 is discrete. This also shows that any finitely generated subgroup of Homeo + (I) admits a faithful discrete representation in it.
We also prove that every finite generating set of Homeo + (I) is indeed unstable. Furthermore, given any n-tuple (g 1 , . . . , g n ) generating a dense subgroup, one can find another n-tuple (h 1 , . . . , h n ) arbitrarily close to it which generates a discrete subgroup.
It is a well known fact (see [G] or [Nav2] ) that any countable left-orderable group embeds in Homeo + (I). We modify this argument slightly to obtain the claim of Theorem 0.4.
Let us emphasize that, despite the simplicity of the argument in [G] , it does not produce a smooth embedding. Indeed, there are interesting examples of finitely generated left-orderable groups which do not embed in Diff + (I) [Be] , [Nav1] . For the group Diff + (I), we do not know if the property SGP holds in either C 1 or C 0 metric; it is also unknown to us if every finitely generated subgroup Γ ≤ Diff + (I) admits a faithful C 1 -discrete representation in Diff + (I). Much worse, we even do not know if Diff + (I) contains any finitely generated C 1 -dense subgroup at all! Acknowledgment: The question about the Stability of the Generators Property was brought to my attention by Viorel Nitica. It is a pleasure to thank him for a motivating conversation.
Instability of the Generators
In this section, we will prove Theorem 0.3. For f ∈ C[0, 1], ||f || will denote the usual C 0 -norm, i.e. ||f || = max
First, we need the notion of a C 0 -strongly discrete subgroup from
Notice that C 0 -strongly discrete subgroups are C 0 -discrete. The following theorem is stronger than Theorem 0.4. Theorem 1.2. Let Γ be a subgroup of Homeo + (I) generated by finitely many homeomorphisms f 1 , . . . , f s , and ǫ > 0. Then there exist g 1 , . . . , g s ∈ Homeo + (I) such that max 1≤i≤s ||g i − f i || < ǫ, moreover, the subgroup Γ 1 generated by g 1 , . . . , g s is C 0 -strongly dense, and Γ 1 is isomorphic to Γ.
Proof. Let (x 0 , x 1 , . . .) be a countable dense sequence in (0, 1) where
, and let δ = 1 10 min{ǫ, 1}. Since Γ is finitely generated it is countable and left-orderable with a left order ≺ such that for all
Let γ 0 , γ 1 , γ 2 , . . . be all elements of Γ where γ 0 = 1. We will build homeomorphisms η 0 , η 1 , η 2 , . . . such that they generate a subgroup Γ 1 satisfying the following conditions:
First, we define η n (x 0 ) inductively for all n ≥ 1. We let η 1 (x 0 ) to be any number in (0, 1) such that
e. η 1 (x 0 ) and γ 1 (x 0 ) are on the same side of x 0 . Now suppose η 1 (x 0 ), . . . , η n (x 0 ) are defined. To define η n+1 (x 0 ) we consider the following three cases.
Then we let η n+1 (x 0 ) be any number in (
Case 2: γ i ≺ γ n+1 ≺ γ j for some i, j ∈ {1, . . . , n} where for all k ∈ {1, . . . , n}\{i, j} either γ k ≺ γ i and γ j ≺ γ k .
In this case, we let
Then we let η n+1 (x 0 ) be any number in (0,
Thus we have defined the orbit O(x 0 ) = {η n (x 0 ) | n ≥ 0}, and η n (x 0 ) / ∈ (x 0 −δ, x 0 +δ) for all n ≥ 1. Then we can extend the definition of η n , n ≥ 1 to the whole O(x 0 ) by setting η n (η m (x 0 )) = (η n η m (x 0 )) for all m, n ≥ 0. Now we extend the definitions of η n , n ≥ 1 to the set of all accumulation points of O(x 0 ): let z be an accumulation point of O(x 0 ), so z = lim By construction, the group Γ 1 = {η 0 , η 1 , . . .} is isomorphic to Γ, moreover, η n (x 0 ) / ∈ (x 0 − δ, x 0 + δ) for all n ≥ 1. Thus Γ 1 is C 0 -strongly dense.
Corollary 1.3. Any finitely generated subgroup of Homeo + (I) admits a discrete embedding in it.
We do not know if the claim of the corollary holds for Diff + (I) in C 1 metric. It is worth mentioning that not every finitely subgroup of a Lie group admits a discrete embedding in it: the group Z ≀ Z embeds in GL(2, R) but does not embed discretely in any connected real Lie group.
Amenable subgroups of Homeo + (I)
In this section, we prove Theorem 0.1. First, we give a separate proof for solvable groups. The following proposition seems interesting independently.
Proposition 2.1. Let Γ ≤ Homeo + (I) be a dense subgroup, and N be a non-trivial normal subgroup of Γ. Then N is dense.
Proof. Let ǫ > 0 and φ ∈ Homeo + (I). We can choose a natural number n and a 1 , . . . , a n , b 1 , . . . , b n ∈ (0, 1) such that
, and the following three conditions hold:
Let also p = min{a 1 , b 1 }, q = max{a n , b n }. Since Γ is dense, it does not have a global fixed point in (0, 1). Then, there exists f ∈ N such that f (
min{δ 1 , δ 2 , δ 3 , ǫ} where
Then there exists a positive δ < δ 0 such that for all k ∈ {1, . . . , n},
Notice that J k is a subinterval of L k , 1 ≤ k ≤ n, and the intervals L 1 , . . . , L n , I 1 , . . . , I n are mutually disjoint. Moreover, all of the intervals I 1 , . . . , I n lie on the right side of q + . By the density of Γ, we can find g ∈ Γ such that for all k ∈ {1, . . . , n} the following conditions hold:
. . , n}. Then using conditions (c2) and (c3) we easily obtain that ||φ − g −1 f −1 gf || < ǫ.
We now observe an important corollary of Proposition 2.1.
Corollary 2.2. A solvable subgroup of Homeo + (I) is not dense.
Proof. Indeed, if Γ is a solvable dense subgroup of Homeo + (I) then it has a non-trivial normal Abelian subgroup N. By Proposition 2.1, N is dense. But since N is Abelian, it has a non-trivial cyclic normal subgroup C. Again, by Proposition 2.1, C is dense. However, a cyclic subgroup cannot be dense. Contradiction.
Our goal is now to extend the corollary to show that a dense subgroup of Homeo + (I) cannot be elementary amenable.
For the convenience of the reader, let us recall that the class of amenable groups is closed under the following four natural processes of forming new groups out of the old ones: (I) subgroups, (II) quotients, (III) extensions, and (IV) direct unions. Following C.Chou [C], let us denote the class of Abelian groups and finite groups by EG 0 . Assume that α > 0 is an ordinal and we have defined EG β for all ordinals β < α. Then if α is a limit ordinal, set EG α = ⊔ β<α EG β and if α is not a limit ordinal, set EG α is the class of groups which can be obtained from groups in EG α−1 by either applying process (III) or process (IV) once and only once. It is proved that each class EG α is closed under processes (I) and (II) and EG = ∪{EG α : α is an ordinal } is the smallest class of groups which contain all finite and Abelian groups and is closed under the processes (III) and (IV). A group from the class EG is called elementary amenable group. Some basic and interesting properties of these groups have been studied in [C] .
A subgroup of Homeo + (I) from class EG 0 is Abelian and Abelian groups are not dense by Corollary 2.2. Using this fact as a base of a transfinite induction, one would want to establish the step of it to prove that an elementary amenable subgroup is not dense. Assume that we can prove this claim for the groups of classes EG β for all β < α. If α is a limit ordinal then by definition of EG α , any group Γ from it belongs to a class EG β for some β < α thus we conclude by the inductive assumption that Γ is thin. If α is not a limit ordinal then there are two ways to obtain Γ from EG α−1 : (i) Γ is an extension of A by B where A, B are non-trivial subgroups from EG α−1 , and (ii) Γ is a direct union of {Γ τ }, Γ τ ∈EG α−1 .
In Case (i), if Γ is dense then, by Proposition 2.1, the non-trivial normal subgroup B is also dense; but this contradicts the inductive assumption. However, in Case (ii), we are unable to carry out the step, for the following reason: a directed union of countably many nowhere dense subgroups of Homeo + (I) can indeed be dense! To overcome this difficulty, we would like to introduce a concept of thin groups which takes care of the problem with great efficiency. Let an integer N ≥ 3 be fixed for the rest of the section. Definition 2.3. A group Γ is N-thin if for all a, b ∈ Γ there exists a word W (a, b) = a n 1 b n 2 . . . a n 2k−1 b n 2k a n 2k+1 such that W (a, b) = 1 ∈ Γ where n 2 , . . . , n 2k are non-zero, n 1 +. . .+n 2k+1 = 0, and |n 1 +. . . n i | ≤ N for all i ∈ {1, . . . , 2k + 1}
Since N is fixed we will call an N-thin group just a thin group. Let us observe the following important facts.
Proposition 2.4. (i) a subgroup of a thin group is thin; (ii) a quotient of a thin group is thin; (iii) an extension of a thin group by a thin group is thin; (iv) a directed union of thin groups is thin; (v) Abelian groups are thin; (vi) finite groups are thin.
Corollary 2.5. An elementary amenable group is thin.
Thin groups turn out interesting from a pure group-theoretical point of view. The class of thin groups is much larger than the class of elementary amenable groups. These groups are very useful in understanding the concept of amenability; here, we will limit ourselves to pointing out the following basic property of these groups. Proposition 2.6. A thin subgroup Γ of Homeo + (I) is not dense.
Proof. Let n = 2N + 2, 0 < a 1 < b 1 < a 2 < b 2 < . . . < a n < b n < 1, and x 0 ∈ (a N +1 , b N +1 ). Let also S = {0, x 0 , 1} ⊔ {a 1 , . . . , a n } ⊔ {b 1 , . . . , b n } and ǫ = 1 10 min{x − y | x, y ∈ S, x = y}
We choose two homeomorphisms f, g ∈ Homeo + (I) such that the following conditions hold: (i) F ix(f ) = {a 1 , . . . , a n } ∪ {0, 1}, F ix(g) = {b 1 , . . . , b n } ∪ {0, 1};
(ii) for all x ∈ I, f (x) ≥ x and g(x) ≥ x;
Since Γ is dense, we can choose φ, ψ ∈ Homeo + (I) such that ||φ − f || < ǫ and ||ψ − g|| < ǫ. Then the following conditions hold:
. . , [a n − 2ǫ, a n + 2ǫ], [b n − 2ǫ, b n + 2ǫ], [1 − 2ǫ, 1] are mutually disjoint, and x 0 does not belong to any of them. Moreover, for a sufficiently big positive integer m, and for all i ∈ {2, . . . , n − 1}, we have
We also have
and
Then we let a = φ m , b = ψ m , and observe that for sufficiently big m,
words W (a, b) = a n 1 b n 2 . . . a n 2k−1 b n 2k a n 2k+1 where |n 1 + . . . + n i | ≤ N for all i ∈ {1, . . . , 2k + 1}. Hence W (x 0 ) = x 0 , then W = 1 ∈ Γ. Now, Theorem 0.1 follows from Corollary 2.5. and Proposition 2.6.
Dense ⇒ Infinite Girth
In this section we prove Theorem 0.2.
Let Γ be a finitely generated dense subgroup of Homeo + (I), m be a positive integer and {γ 1 , . . . , γ s } be a finite set of generators of Γ. We will find η ∈ Γ such that the generating set {η, η m γ 1 η m , . . . , η m γ s η m } has no relation of length less than m.
Let F 1 be a free group formally generated by letters γ, γ 1 , . . . , γ s . (by abusing the notation, we treat the elements γ 1 , . . . , γ s of Γ also as the elements of F 1 .) Let also a 0 = γ, a 1 = γ m γ 1 γ m , . . . , a s = γ m γ s γ m , and F 2 be free group formally generated by a 0 , a 1 , . . . , a s . (so both F 1 and F 2 are free groups of rank s + 1.)
Let W 1 , . . . , W N be all reduced words in the free group F 2 of length at most m. These words can be written as reduced words V 1 , . . . , V N in the free group F 1 where each word has length at most m(2m + 1).
s }. We will view A as a symmetrized generating set of the group Γ, and also as a finite subset of F 1 . We will build disjoint finite subsets S (0) , S (1) , . . . , S (N ) of (0, 1) and define an increasing map f :
S (i) and x < y then f (x) < f (y)) inductively as follows:
First, we let
).
Suppose now the subsets S (0) , S (1) , . . . , S (k−1) are chosen and the map f is defined on
. We will describe how to define S (k) and extend the map f to
Assume that V k has length n as a reduced word in the free group F 1 , and let V k = c n . . . c 2 c 1 where
. . , U n are suffixes of V k where the reduced word U i has length i, 1 ≤ i ≤ n). We define the set S (k) = {x 0 , . . . , x n } itself and the map f on it [i.e. the sequence f (x 0 ), . . . , f (x n ))] inductively as follows:
We let x 0 be any point in (0, 1) such that
Then we define f (x 0 ) = y 0 such that for all x ∈ ⊔ 1≤i≤k−1
f (x) < y 0 iff x < x 0 (so we extend the domain of f such that it stays being an increasing map). Now assume that x 1 , . . . , x r and f (x 1 ), . . . , f (x r ) are defined.
We consider two cases:
Case 1. U r+1 starts with γ ±1 .
Then we choose x r+1 to be any point not in
and let f (x r+1 ) = y r+1 where for all x ∈ ⊔ 1≤i≤k−1 S i ⊔ {x 0 , . . . , x r }, we have f (x) < y r+1 iff x < x r+1 .
Case 2. If U r+1 starts with some g ∈ A.
Then we let x r+1 = g(x r ) and define f (x r+1 ) = y r+1 where for all x ∈ ⊔ 1≤i≤k−1 S i ⊔ {x 0 , . . . , x r }, we have f (x) < y r+1 iff x < x r+1 .
Thus we have constructed finite sets
S
(1) = {x By condition (iv), f can be extended to a homeomorphism η ∈ Homeo + (I).
We claim that there is no relation of length less than m + 1 among η, γ 1 , . . . , γ s . Indeed, let W be a reduced word of length at most m in the alphabet a 1 , . . . , a s . Then W can be written as a reduced word V i = V i (γ, γ 1 , . . . , γ s ) for some i ∈ {1, . . . , N}. Then V i (η, γ 1 , . . . , γ s ) is a homeomorphism and V i (η, γ 1 , . . . , γ s )(x . The homeomorphism η is not necessarily in Γ, but let us recall that Γ is dense in Homeo + (I). Then, if ξ ∈ Γ is sufficiently close to η we will have V i (ξ, γ 1 , . . . , γ s )(x
+ ǫ) for all i ∈ {1, . . . , N}. Hence V i (ξ, γ 1 , . . . , γ s ) = 1 ∈ Γ, for all i ∈ {1, . . . , N}. Then there is no relation of length less than m among the elements of the generating set {ξ, ξ m γ 1 ξ m , . . . , ξ m γ s ξ m }. Thus girth(Γ) ≥ m. Since m is arbitrary, we conclude that girth(Γ) = ∞.
